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Abstract. We analyze the stability of magnetic states obtained within the tight-binding model for cubooc-
tahedral (Oh) and icosahedral (Ih) clusters of early 4d (Y, Zr, Nb, Mo, and Tc) transition metals. Several
metastable magnetic clusters are identified which suggests the existence of multiple magnetic solutions in
realistic systems. A bulk-like parabolic behavior is observed for the binding energy of Oh and Ih clusters
as a function of the atomic number along the 4d-series. The charge transfer on the central atom changes
sign, while the average magnetic moments present an oscillatory behavior as a function of the number of
d electrons in the cluster. Our results are in agreement with other theoretical calculations.

PACS. 36.40.Cg Electronic and magnetic properties of clusters – 71.24.+q Electronic structure of clusters
and nanoparticles

1 Introduction

Recently a few new approaches were proposed to study
the microscopic origin of itinerant magnetism. The sim-
plest model of nondegenerate s-band gives ferromagnetic
states only for very strong on-site Coulomb interaction U ,
unless either special conditions are satisfied by the band
structure [1], or intersite matrix elements of Coulomb
interactions, such as exchange, are included [2,3]. This
problem becomes particularly interesting in small clus-
ters, where the electrons are more localized than in the
bulk. Therefore, the magnetic states are more likely, and
studying them provides a unique opportunity of inves-
tigating the relation between cluster structure and itin-
erant magnetism [4,5]. The studies performed using a
s-band model with electron correlations indicate that the
magnetization exhibits shell-like oscillations [5], reflecting
particular instability of open-shell configurations towards
magnetic solutions. This understanding of the reasons of
magnetism in clusters described by the simplest s-band
Hubbard model provides a good starting point to analyze
the situation in transition metal clusters. Knowing that
the electronic-shell-like oscillations occur in the nondegen-
erate band model, one has to include band degeneracy in
order to describe such phenomena in a realistic electronic
structure. In addition, the magnetic instabilities are ex-
pected to occur more easily in degenerate bands due to
the presence of intra-atomic (Hund’s rule) exchange J [6].
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In recent years, the transition metal clusters have been
the subject of several experimental and theoretical stud-
ies. The clusters of the late 3d transition metals are ferro-
magnetic, as expected, since the tendency towards mag-
netism is stronger in the clusters than in the bulk. As
the late 4d transition metals are not far from the ferro-
magnetic instability, the major experimental efforts have
been concentrated recently on the magnetic properties of
the corresponding clusters: Ru, Rh, and Pd. The quantita-
tive prediction of magnetic states in Ru13, Rh13, and Pd13

clusters by the theoretical calculations performed within
the density functional formalism [7] were confirmed by
the discovery of magnetism in Rh13 clusters [8], and weak
magnetism in Ru13 and Pd13 [9].

It may be expected that magnetic states are more
difficult to realize in the clusters of earlier 4d-transition
metals. So far, there are only a few studies which ad-
dressed this problem. Goodwin and Salahub [10] stud-
ied the stable geometries and ground-state multiplicities
of small NbN (N = 2 − 7) clusters. Zhao et al. [11] pre-
dicted that the critical size for the magnetic-non-magnetic
transition is small for Zr, Nb, Mo, and Tc clusters, but
as large as N = 93 for Y clusters using a tight-binding
Friedel model of the d-band and Stoner criterion. Kaim-
ing et al. [12] by means of the discrete-variational local-
spin-density-functional (DV-LSD) method, have studied
13-atom clusters of Y, Zr, Nb, Mo, and Tc, assuming
three geometries: Oh (cubooctahedron), Ih (icosahedron),
and D3h (compact portion of a hcp lattice). The ground
states of Zr13 and Nb13 were shown to correspond to the
Ih structure and for Mo13, Tc13, and Y13, the Oh cluster
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was the most stable. In the case of Y13, the binding en-
ergies for the three structures were almost the same (to
within 0.03 eV/at) while, on the contrary, large differences
were found for the total magnetic moment M : 3µB for the
Oh and D3h symmetries and a giant value of 13µB for Ih.
Zhang et al. [13] have performed ab-initio calculations for
6-atom clusters from Y to Cd. Almost all the clusters pre-
sented a non-zero average magnetic moment due to the
large density of states around the Fermi level, Ru6 and
Rh6 having the largest one. For elements of the first half
of the series, all the clusters were magnetic except for Y6.
When compared with the calculation of Kaiming et al. for
Y13, this result could indicate a non-monotonic decrease of
the average magnetic moment with cluster size, as found
for RhN clusters [9]. All these results reveal that further
theoretical calculations and experiments are needed in or-
der to understand the systematic trends within the mag-
netic properties of 4d clusters.

Apart from ab-initio calculations, semi-empirical stud-
ies, that allow variation of the interaction parameters, may
be useful to understand the trends of the magnetic and
structural cluster properties. In this paper, we analyze
the electronic and magnetic properties of 4d-transition
metal clusters as a function of the intra-atomic exchange
J , by means of a tight-binding Hubbard Hamiltonian [14],
with electron-electron interactions treated in the Hartree-
Fock Approximation (HFA). Limiting ourselves to 13-
atom clusters, we minimize the energy for cubooctahe-
dral (Oh) and icosahedral (Ih) configurations to determine
whether magnetism influences their relative stability. In
particular, we will establish the relation between the mag-
netic states found and the open (closed) shell electronic
configurations existing in the clusters. The results will be
compared with recent ab-initio calculations.

The paper is organized as follows. The model Hamil-
tonian and the used parametrization are briefly described
in Section 2. In Section 3 we present our numerical results
for the magnetic states of the Oh and Ih clusters of Y, Zr,
Nb, Mo, and Tc. Finally, summary and conclusions are
given in Section 4.

2 The model

The semi-empirical model used here has been described
in detail elsewhere [14], thus we only summarize its main
points and discuss the choice of parameters. We use a
tight-binding Hubbard Hamiltonian for the d band in the
rotationally invariant form in orbital space [6], expressed
in the basis of real d orbitals of symmetry t2g (xy, yz, zx)
and eg (x2−y2, 3z2−r2). In this basis the most important
matrix elements of the on-site Coulomb interaction, i.e.,
involving one or two orbitals are: intra-orbital (U + 2J)
and inter-orbital (U) Coulomb and exchange (J) integrals.

Note that strictly speaking there are also a very lim-
ited number of non-vanishing matrix elements of the on-
site Coulomb interaction involving three or even four or-
bitals [15]. However, such matrix elements are small due
to the angular dependence of atomic d orbitals pointing
along different directions of space. Therefore, we neglect

these interaction elements in what follows, as usually done
in this field. Similarly, all inter-orbital Coulomb and ex-
change integrals are not rigorously equal. They have been
replaced by their average value. This approximation is ex-
pected to be valid when the d electrons are roughly equally
distributed between the five d orbitals at each site. We will
see in the following that this approximation is fully justi-
fied.

Finally, the Coulomb interaction between sites i and
j, Vij , is also introduced. The electronic structure of the
cluster is determined by solving this model with the inter-
actions treated in the HFA. Using the basis of 4d atomic
spin-orbitals |iλσ〉 centered at each site i, one finds [14]

HHFA =
∑
iλ,σ

εiλσniλσ +
∑

i,λ,µ6=λ,σ

hi,λµ,σa
†
iλσaiµσ

+
∑

iλ,jµ,i6=j,σ

tiλ,jµa
†
iλσajµσ (1)

in the usual notation. The on-site energy levels, εiλσ, are
functions of the spin-orbital occupation numbers 〈niλσ〉
and electron-electron interactions. For convenience we
measure them from the average value ε0d, obtained when
each atom is occupied by Na electrons (Na = Ne/13,
where Ne is the total number of electrons in the cluster)
and each individual orbital by na = Na/5 electrons. This
gives

εiλσ = εod + (U −
1

2
J)(Ni −Na)

−
1

2
(U − 3J)(〈niλ〉 − na)−

1

2
ξσJMi

−
1

2
ξσ(U + J)〈miλ〉+

∑
j(i)

Vij(Nj −Na), (2)

where ξσ = ±1 for σ =↑,↓, and j(i) stands for the neigh-
bors of site i. Here we have introduced the orbital occu-
pation number 〈niλ〉 = 〈niλ↑〉 + 〈niλ↓〉, and the orbital
magnetic moment 〈miλ〉 = 〈niλ↑〉− 〈niλ↓〉. Ni is the total
number of electrons at atom i, and Mi is the magnetic mo-
ment. The quantity Vij stands for the intersite Coulomb
interaction assumed to be inversely proportional to the
bond length Rij . In the bulk Nj = Na and the last term
in equation (2) vanishes. The way of calculating the ef-
fective levels is thus comparable to that used in LDA+U
approach [16].

The second term in equation (1) corresponds to the
intrasite inter-orbital Fock terms (σ̄ = −σ),

hi,λµ,σ = (J − U)〈a†iµ,σaiλ,σ〉+ 2J〈a†iµ,σ̄aiλ,σ̄〉. (3)

They vanish in the bulk since 〈a†iλ,σaiµ,σ〉 = 0, if λ 6= µ

due to cubic symmetry. This is, however, not the case
when the symmetry is lowered and these terms have to be
included in order to conserve the actual symmetry proper-
ties of the system [14]. Finally the hopping integrals tiλ,jµ
are obtained in the Slater-Koster scheme [17] from the
parameters (ddσ), (ddπ) and (ddδ). They are assumed to
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Table 1. Hopping parameter at equilibrium bulk distance,
(ddσ)0, and local electron-electron interaction parameters: U
and J (all in eV) estimated for the early 4d transition metals.

(ddσ)0 U J

Y −0.7875 0.80 0.30

Zr −0.9250 0.90 0.34

Nb −0.9875 1.15 0.38

Mo −1.0250 1.10 0.41

Tc −0.9875 1.15 0.45

Table 2. Electronic filling Ne for each cluster, equilibrium dis-
tance R0 (Å), bulk cohesive energy Ecoh (eV/at), bulk modulus
B (eV/at) and the parameters of the repulsive potential, A0

(eV) and pR0, for the early 4d transition metals.

Ne R0 Ecoh B A0 pR0

Y 26 3.600 4.24 7.55 0.232 6.93

Zr 40 3.252 6.33 12.46 0.359 7.29

Nb 56 2.857 7.58 19.14 0.447 8.25

Mo 68 2.728 6.83 26.54 0.472 10.24

Tc 82 2.786 6.60 26.04 0.414 10.31

vanish beyond first nearest neighbors and to decrease ex-
ponentially with a damping exponent q (∼ exp(−qRij))
when the distance Rij increases. We have adopted the re-
lations (ddπ) = −(ddσ)/2 and (ddδ) = 0, and the values
of (ddσ) at the bulk interatomic spacing Ro have been fit-
ted to the bandwidths of the bulk transition metals. They
are given in Table 1 as (ddσ)o.

The bond length and the magnetic state of the clusters
are determined by minimizing the total energy,

E = 〈HHFA〉 − 〈Hint,HFA〉+Erep. (4)

The first term is the sum of the occupied one-particle en-
ergies in the HFA, while the second term is the correc-
tion for the double counting. The repulsive energy Erep
is described by a sum of pair interaction energies A(Rij)
between first nearest neighbors. The function A(Rij) =
A0 exp(−pRij) is of the Born-Mayer type, i.e., decreases
exponentially with increasing bond length.

We use the ratio p/q = 3 which fits [18] the univer-
sal potential energy curves of Smith et al. [19]. The value
of pR0 is then deduced for each element from the experi-
mental ratio of the bulk modulus B to the cohesive energy
Ecoh, as given in Table 2. It is well known that both quan-
tities are underestimated in a pure d-band model but their
ratio should be correctly reproduced. Finally, the value of
the repulsive pair energy A0 at Rij = R0 (given in Tab. 2)
is deduced from the equilibrium equation for the bulk.

The on-site interactions U have been estimated by Van
der Marel and Sawatzky [20] using spectroscopic data. We
use these values for the considered transition metal clus-
ters, but as our approach does not treat explicitly the
correlation effects, we have screened them to simulate the
effects of electron correlations. The resulting values of U
adopted in the calculations are given in Table 1. The val-
ues of the exchange interaction J , given in Table 1, are

determined as a function of the atomic number using an
empirical formula found in reference [20]. The intersite
Coulomb interaction at the bulk distance Rij = R0 is set
equal to 0.5 eV for all considered clusters [14]. This pa-
rameter has an indirect influence on the magnetism since
it plays a role in the magnitude of the charge transfer be-
tween the atoms placed in nonequivalent positions of the
considered cluster. It is not very precisely known, however
the chosen value has a reasonable order of magnitude and
it has been shown [14] that the total moment of the cluster
is unchanged when V is varied from 0.3 to at least 0.6 eV.

3 Results and discussion

The exchange integral J plays a decisive role in mag-
netism of transition metals, but it is not known accu-
rately enough. Thus, in order to study the appearance
of magnetism in 13-atom 4d-transition metal clusters in
a systematic way, we calculate the ground state and its
magnetization as a function of the exchange interaction,
using the values 0 ≤ J ≤ 0.6 eV which cover the physi-
cally interesting range. Within our model, we explore also
the existence of multiple magnetic solutions by changing
our initial spin-polarized electronic configuration in our
self-consistent diagonalization process. The former proce-
dure could be equivalent to different choices of the input
potential in Local Spin Density (LSD) calculations. These
multiple magnetic solutions correspond to local minima
of the total energy as a function of the magnetic moment
of the system of a given geometry, among which the one
that gives the lowest total energy is regarded as the ground
state of the cluster and the rest with higher energies are
only metastable states.

3.1 Qualitative trends

The number of electrons in the Highest Occupied Molecu-
lar Orbital (HOMO) of a cluster plays a significant role in
determining its ground-state electronic properties and the
structural stability. Clusters with a fully occupied HOMO
have a ground state which has a closed electronic shell.
This type of configuration is expected to be quite sta-
ble as has been shown in the previous calculations [14]. In
contrast, for a cluster with an unfilled HOMO, the ground
state has an open electronic shell, being highly degenerate
and as a consequence, easier to destabilize by the increase
of the electronic interactions or by modifications in the
interatomic distance.

Consider first nonmagnetic clusters without electron-
electron interactions (U = V = J = 0), with the energy
levels shown in Figure 1 for the cubooctahedral and icosa-
hedral clusters treated in this work. We have chosen re-
alistic numbers of d electrons Ne for 4d clusters as given
in Table 2. These values are even since we want to con-
centrate ourselves on the nontrivial magnetic instabilities
promoted by electron-electron interactions. One finds that
the Oh Y13, Nb13 and Ih Tc13, are closed shell systems,
while the Oh Zr13, Mo13 and Tc13 and Ih Y13, Zr13, Nb13
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Fig. 1. Tight-binding electronic structure for icosahedral (ico)
and cubo-octahedral (fcc) 13-atom transition metal clusters
as obtained with the parameters of Zr: (ddσ) = −0.9250,
(ddπ) = −(ddσ)/2, and (ddδ) =0 (in eV), in the absence of
interactions (U = J = V = 0). The total number of elec-
trons corresponding to a closed shell configuration for one spin
direction is indicated. These numbers are the same for other
elements since the corresponding energies can be obtained by
a simple scaling.

and Mo13 are open shell structures. As a result, the insta-
bility towards magnetic solutions (if any) is expected to
occur at smaller values of J for open shell than for closed
shell structures, and particular magnetizations M which
correspond to the closed shell systems are expected to be
more stable than the others.

The numerical results for the magnetization M as a
function of the exchange integral J obtained for Y, Zr,
Nb, Mo, and Tc are presented in Figures 2–6, using the
values of U given in Table 1, and the electron filling and
the repulsive potential parameters given in Table 2. An
energy minimization was performed for each value of J ,
and the existence of multiple self-consistent solutions was
analyzed by using different initial conditions for the self-
consistent procedure. These metastable solutions corre-
spond to different values of magnetization and to different
bond lengths; they are shown in Figures 2–6 by different
symbols.

We note that, following a general tendency in 13-atom
transition metal clusters, the icosahedron is more stable
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Fig. 2. Total binding energy E for Y13 clusters as a function
of Hund’s rule exchange J , calculated for cubooctahedral (top)
and icosahedral (bottom) configurations. The points stand for
the self-consistently found solutions (with J increasing by steps
of 0.1 eV) with different total magnetizations, while the full and
dashed lines are guides to the eye to indicate the ground state
and the nonmagnetic state, respectively.
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Fig. 3. Same caption as Figure 2 for Zr13 clusters.
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Fig. 5. Same caption as Figure 2 for Mo13 clusters.

than the cubooctahedron for small values of J in all cases.
However, the Oh structure becomes energetically favored
for Nb13 and Mo13 (Figs. 4 and 5) when J is large due to
the existence of states with a high value of M .

3.2 Non-magnetic states

The non-magnetic states were obtained for all the aggre-
gates, as seen in Figures 2–6. We observe that in most
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Fig. 6. Same caption as Figure 2 for Tc13 clusters.

cases, the energy of the non-magnetic states increases with
increasing J , which means that the electron interaction
energy cannot be lowered by changes in the charge distri-
bution alone. Nevertheless, in Ih Y13, Zr13 and Nb13, the
total binding energy E is almost independent of J while
for Oh Y13 it decreases slightly. In this last case the clus-
ter has a closed shell structure for which the molecular
orbitals are not strongly modified by changes in the elec-
tronic interactions and, as a consequence, the total energy
E is almost independent of J . For Ih Y13, Zr13 and Nb13,
which are open-shell structures, such a constant behavior
could be due to the assumption of a uniform relaxation
which is not allowing the 13-atom cluster to perform more
complicated distortions that might lower the symmetry of
the structure and also its total energy.

For Oh and Ih Y13, the non-magnetic states could not
be obtained for J > 0.4 eV and in Oh Mo13 for J = 0.6 eV.
In the remaining clusters this solution was present for all
the considered values of the exchange parameter in both
types of symmetries. Note that in Nb13, the magnetic so-
lutions are obtained already at J =0 for Ih, whereas for
the Oh cluster a value of J larger than 0.3 eV is needed.
Actually, the Ih Nb13 cluster is an open shell structure and
thus easier to destabilize by increasing exchange interac-
tions, while the cubooctahedral cluster is a closed shell
system and thus more robust. This behavior is reversed
for the Tc13 cluster, in which for the Ih symmetry (closed
shell), a value of J = 0.3 eV was required to stabilize the
magnetic solution, while in the Oh symmetry (open shell)
for J = 0 eV, we have already a value of 2 for the total
magnetization.
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3.3 Magnetic states

In general, we can see that increasing the exchange in-
teraction J results in the appearance of magnetic states
with larger values of the total magnetization. Typically a
few discrete values of the magnetization are realized which
correspond to closed shell configurations for at least one
spin direction, and the energy of the cluster is decreased.
However, in Mo13 we observe an inverse behavior – in-
creasing the value of exchange interaction increases the
energy of the cluster. For sufficiently large values of J so-
lutions with larger magnetizations appear, and the total
energy begins to decrease. Note that contrary to the Oh
structure, in the Ih Mo13 cluster, this high-spin solution
has a smaller binding energy, which indicates that for this
cluster, the tendency to lower magnetization is preferred.

In almost all the clusters, the magnetic states were
found already at J = 0 eV, which shows a strong ten-
dency towards magnetism. Augmenting the exchange pa-
rameter results in an increase of the splitting between the
molecular orbitals for up- and down-spins, thus produc-
ing large changes in the magnetization of the system, as
one can see for example in Figure 3 (top) for values of J
larger than 0.2 eV. In all the clusters, with the exception
of Oh Nb13, a value of J = 0.6 eV, was not enough to
reach the fully polarized saturated state. However, with
the variation of the exchange parameter, we can see the
existence of several intermediate solutions for the total
magnetization M in all our aggregates. These states have
an antiferromagnetic (AF) or ferromagnetic (FM) order-
ing of the magnetic moment on the central atom relative
to that of the surface atoms.

For Y13 (Fig. 2) one notes that only low-spin states
are realized since when J increases from 0 to 0.6 eV, the
ground state magnetization increases from M = 4 to M =
6 in the Oh structure and from M = 2 to M = 8 in the
Ih structure. For both clusters, all these low-spin states
present an AF configuration.

In the Ih Zr13 cluster (Fig. 3) the ground state evolves
from a FM configuration (M = 4) to an AF one with
M = 6 and 30 successively. The Oh Zr13 cluster presents
a more abundant magnetic structure. When J increases
one finds ground states with M =2 (AF), 18 (FM), 20
(FM) and 26 (AF).

For Nb13 (Fig. 4) the ground state in the Ih structure
is AF with M = 4 for any value of J . In the Oh symmetry
it is magnetic only when J = 0.5 eV (M = 10 (AF)) and
reaches the FM saturation state (M = 56) at J = 0.6 eV.
Note that for J = 0.5 eV a second (FM) solution with
M = 10 is also obtained, but it is slightly less stable than
the AF one with the same value of M .

In Mo13 for the Ih cluster (Fig. 5), the ground state is
FM with M = 2 for all the values of J . For Oh clusters it is
AF with M = 2, and its magnetization changes abruptly
to M = 52 when J = 0.6 eV. Note that for this last value
of J another (but less stable) AF solution was also found
with M = 52, corresponding to a different spin spatial
distribution.

Finally, in the Tc13 clusters (Fig. 6) one finds a more
abundant magnetic structure. Magnetic ground states are

Table 3. The calculated equilibrium bond lengths (Å), aver-
age energies 〈E〉 (eV/at) and average magnetic moment 〈M〉
(µB/at) per atom for each cluster. For comparison the re-
sults for 〈MLSD〉 obtained in reference [12] are also shown.
The ground state for each geometry is indicated by the super-
script (∗).

cluster symmetry r 〈E〉 〈M〉 〈MLSD〉

Y13 O∗h 3.253 2.500 0.30 0.23

Oh 3.255 2.481 0.00

I∗h 3.215 2.547 0.61 1.00

Ih 3.210 2.505 0.00

Zr13 O∗h 3.033 3.630 1.38 0.00

Oh 2.998 3.569 0.30

Oh 2.993 3.559 0.00

I∗h 2.990 3.853 0.46 0.30

Ih 2.980 3.826 0.00

Nb13 O∗h 2.657 4.424 0.00 0.07

Oh 2.665 4.405 0.77

I∗h 2.590 4.673 0.30 0.53

Ih 2.588 4.650 0.00

Mo13 O∗h 2.568 4.746 0.15 0.15

Oh 2.567 4.734 0.00

I∗h 2.515 4.837 0.15 0.00

Ih 2.515 4.833 0.00

Tc13 O∗h 2.638 4.272 1.07 0.07

Oh 2.645 4.270 1.23

Oh 2.622 4.127 0.00

I∗h 2.570 4.265 0.46 1.00

Ih 2.568 4.256 0.00

stable for the Ih cluster at J > 0.3 eV, with first M =
6 and then M = 38; both states being AF. For the Oh
symmetry, we find M = 2 for J ≤ 0.2 eV, and M =
14 and 16 at higher values of J , all of them with AF
configurations. In this case, similarly to the Y13 cluster, it
seems that the trend towards AF order is also independent
of the cluster structure.

By analyzing the stable and metastable magnetic
states found in the considered clusters one finds that, save
for the solution M = 52 of Oh Mo13, the population of at
least one spin direction corresponds to a closed shell struc-
ture in absence of interactions (U = J = V = 0, Fig. 1).
However, when these interactions are present they very
often lead to level crossings since the atomic levels of the
central atom and the outside ones are no longer equal
and may become rather different, especially when there
are large charge transfers or/and large local magnetic mo-
ments with AF ordering. These level crossings may lead
to modifications of the electronic populations (number of
electrons with spin up N↑ or spin down N↓) corresponding
to closed shells. This is actually the case for Oh Mo13 and
M = 52 for which the spin up configuration (N↑ = 60)
becomes closed shell in the presence of interactions. We
have verified that for all other cases, even though level
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Table 4. Local electronic fillings and local magnetic moments
(in units of µB/at) calculated for the central (N0 and M0) and
the outside (Ni and Mi) atoms in the ground states of 13-atom
transition metal clusters of two symmetries: Oh and Ih. The
data for Ru13, Rh13, and Pd13 were taken from reference [14].
Average moments per cluster atom 〈M〉 (µB/at) are given in
the last column.

cluster symmetry N0 Ni M0 Mi 〈M〉

Y13 Oh 3.97 1.83 −0.15 0.34 0.30

Ih 4.41 1.80 −0.32 0.69 0.61

Zr13 Oh 4.22 2.98 0.34 1.47 1.38

Ih 3.99 3.00 −0.07 0.50 0.46

Nb13 Oh 4.61 4.28 0.00 0.00 0.00

Ih 4.26 4.31 −0.23 0.35 0.30

Mo13 Oh 5.29 5.22 −0.28 0.19 0.15

Ih 5.13 5.23 0.29 0.14 0.15

Tc13 Oh 5.48 6.37 −1.08 1.25 1.07

Ih 5.50 6.37 −0.77 0.56 0.46

Ru13 Oh 5.48 7.38 −2.13 2.18 1.85

Ih 5.52 7.37 −2.21 2.18 1.85

Rh13 Oh 6.59 8.45 0.66 1.11 1.08

Ih 7.45 8.38 2.55 1.62 1.69

Pd13 Oh 7.32 9.56 2.68 0.44 0.62

Ih 7.35 9.55 2.65 0.45 0.62

crossings may occur, the population of at least one spin
direction still corresponds to a closed shell structure.

In general, we can say that the cubooctahedral clusters
are richer in magnetic structure due to their lower degen-
eracies of the electronic levels (see Fig. 1). Moreover, the
AF orientation of the moment on the central atom with
respect to the outside shell is preferred in most of the
clusters. This tendency to antiferromagnetism in our ag-
gregates, is due to the fact that the charge distribution
within the structures, results in values close to half-filling
(as we can see in Tab. 4 for the realistic values of J) for
the electronic occupation in the central atom. As a result,
the magnetic moments which are formed in the center are
antiferromagnetically aligned with respect to the outside
shell, following the general tendency towards AF order for
a half-filled d-band.

The distribution of charge and magnetic moments
within the structures turns out to be very inhomogeneous
(i.e., large differences between the central and surface
atoms) for some of the clusters when varying J . This in-
homogeneity is particularly large at the beginning of the
series, and also at the end of the series, as already shown
in previous calculations [14]. In almost all our aggregates,
and for intermediate values of J , the low-spin magnetic
solutions have a local magnetic moment larger in the sur-
face than in the central atom. This is a consequence of the
reduced coordination number in the atoms of the outside
shell which enhances the electron localization and pro-
motes the transitions towards magnetic states.

3.4 Ground state properties

In Table 3 we present the calculated magnetic ground
states in Y, Zr, Nb, Mo, and Tc clusters, as obtained for
our realistic parameters presented in Tables 1 and 2. As
usual, we obtain bond length contractions for all clusters
as compared with their respective bulk interatomic spac-
ing. The largest contraction is equal to 10.6%, for Y in
the Ih symmetry and the smallest one amounts to 5.3%
for Tc in the cubooctahedral structure. The binding en-
ergy 〈E〉 per atom for each kind of cluster is smaller than
its bulk binding energy (see Tab. 2), and it increases with
atomic number as we move from Y to Mo. Obviously, due
to the neglect of sp-electrons and spd-hybridization ef-
fects, our calculated binding energies are underestimated
as compared to the ab-initio calculation of Kaiming et al.
for the same clusters [12]. However, as we approach the
middle of the series, the difference between our calculated
binding energies E and the ab-initio results is less pro-
nounced. In the case of Mo, our d-electron calculations
are able to match almost exactly the ab-initio result [12]
for both types of symmetries (〈E(Oh)〉 = 4.77 eV/at and
〈E(Ih)〉 = 4.58 eV/at). This result is in agreement with
previous calculations [22] which showed that the d-band
contribution to the total energy is the dominant part for
elements in the middle of the transition metal series. Note,
however, that in our calculation, the Ih Mo13 cluster is the
ground state structure.

In the case of Y13, Zr13, Nb13, and Mo13, we can see
that the most stable structure is Ih, with an energy gain of
0.04, 0.22, 0.25, and 0.09 eV/at, respectively, with respect
to the Oh cluster. However, for Tc13 the Oh symmetry
corresponds to the most stable structure with an energy
difference of 0.007 eV/at. These results are in agreement
with a general argument stating that 13-atom transition
metal clusters tend to have Ih symmetry in their ground
state, because the directional bonding is not too important
in metals and only in this geometry do all surface atoms
have the maximum number of nearest neighbor atoms.
Contradicting this general tendency, it has been found in
reference [12] that Oh Mo13, Tc13, and Y13 are the most
stable clusters. However, in the case of Y13, the energy dif-
ference between the Oh, Ih and D3h structures is less than
0.03 eV/at (a value which is of the order of the numerical
accuracy), therefore it is difficult to draw a definite conclu-
sion about the most stable cluster. In agreement with the
ab-initio results [12], we find that the Oh symmetry corre-
sponds to the ground state structure for the Tc13 cluster.
Our calculated average magnetic moment for the Ih Y13 is
large compared with the rest of the clusters (in agreement
with the ab-initio result) while contrary to the calcula-
tion of Kaiming et al. [12], our largest value for M in Zr13

and Tc13 is found in the Oh symmetry. It is important to
note, however, that one of the self-consistent solutions for
Oh Zr13 and Tc13 clusters has a zero magnetic moment in
agreement with the ab-initio result, although in our model
these solutions correspond to metastable states.

As we can see in Table 3 (for the most stable geo-
metrical structures), all the clusters are magnetic with
the exception of Oh Nb13. Comparing with the work of



444 The European Physical Journal B

Kaiming et al. [12], we observe that our calculated av-
erage magnetic moments per atom 〈M〉 follow the same
trends as the ab-initio results and that they are of the
same order in most cases. This result gives some support
to our choice of parameters deduced from the bulk exper-
imental quantities. At the same time, we can see also the
importance of investigating a possibility of multiple mag-
netic solutions in transition metal clusters. Our calcula-
tions have shown that the energy differences between the
ground state and the metastable structures can be very
small (typically ∆E ≈ 0.02 eV/at, see Tab. 3), however
large variations can be obtained in the magnetic proper-
ties.

The contractions in the distance obtained in our work
are larger than the ones reported in reference [12]. How-
ever, it is important to emphasize that our average mag-
netic moments have revealed to be constant with changes
in the interatomic spacing of at least up to 10% of contrac-
tion. As a consequence, our larger contractions do not af-
fect the calculated value for 〈M〉. Contrary to the average
magnetic moment, the local magnetic moments (moments
in the central atom and on the surface) are sensitive to
changes in the interatomic distance and in the geometry
of the cluster. Our results suggest that the main effect
generating magnetism in our structures can be attributed
to the reduction in the coordination.

Using the calculations reported in reference [14] for
Ru13, Rh13, and Pd13, we plot in Figure 7 the binding
energy E, the charge inhomogeneity,

∆Ne = N0 −Ni, (5)

N0 and Ni being the number of electrons of the central
and outside (surface) atoms, respectively, and the average
magnetic moment per atom 〈M〉 as functions of the atomic
number along the 4d series. We observe a parabolic de-
pendence of the binding energy E (Fig. 7a) on the atomic
number for Ih and Oh clusters. A similar behavior is also
observed for the same elements in the bulk state. This re-
sult reveals that even for such small structures the d-band
filling plays the leading role in determining the variations
of binding properties along the 4d-series.

The charge distribution is found to be anisotropic,
with large inhomogeneity (∆Ne > 0) for the elements at
the beginning of the 4d series (Fig. 7b) especially for the
Ih symmetry. Increasing the atomic number results in a
more uniform charge distribution for both types of clusters
(∆Ne ≈ 0), as found in the case of Mo13 for cubooctahe-
dral structures and in Nb13 for icosahedral clusters. Start-
ing from Tc13, anisotropy increases again, but the charge
inhomogeneity is reversed, and the surface atoms absorb
electrons from the central site (∆Ne < 0). This inversion
in the fluctuation of charge, similar to that obtained on
infinite surfaces [23], is due to the reduced coordination
on the atoms located in the surface of the clusters, which
produces a narrower density of states as compared to the
one given in the bulk structure. For elements with an al-
most empty d-band the Fermi level lies at the bottom of
the band; as a consequence a reduction in the band width
results in a loss of electronic charge as compared to the
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Fig. 7. The total binding energy E (eV), the charge inhomo-
geneity ∆Ne, and the average magnetic moment 〈M〉 (µB/at)
as a function of the atomic number for Oh (◦) and Ih (•)
13-atom 4d-transition metal clusters.

average occupancy in the bulk. In a similar way, for el-
ements with an almost complete d-band, the Fermi level
is located at the top of the band, as a result a narrower
band width will increase the number of electrons.

A characteristic non-monotonic behavior of the aver-
age magnetic moment 〈M〉 is also found as a function of
electronic filling in both (Oh and Ih) structures (Fig. 7c).
The magnetization first increases with increasing electron
(hole) filling starting from empty (full) d-states, and next
goes through a pronounced minimum, found for Nb in
the Oh geometry and for Mo in the Ih structure, respec-
tively. These oscillations in 〈M〉 have no bulk counterpart
since none of the 4d-transition metals are magnetic in the
bulk phase. However, similar changes of the local mag-
netic moment of the impurity X have been observed in
Ih Cu12X clusters [24], when X is varied along the 4d-
transition metal series. Calculations for bigger clusters as
a function of the atomic number would allow to investigate
how these oscillations evolve to the non-magnetic state.
The dependence of 〈M〉 on the atomic number could also
give an indication of the different magnetic-non-magnetic
transitions possible in the 4d-transition metal clusters.

The magnetic order within the structures is shown to
be antiferromagnetic for most of the clusters. Only in Oh
Zr13 and Ih Mo13 a ferromagnetic solution is found. Note
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that most often in our clusters, surface atoms have larger
magnetic moments (see Tab. 4) since the coordination
number is smaller, thus the localization of the electrons
increases and enhances the magnetic properties. However,
in Oh and Ih Mo13 and in Ih Tc13, the central atom is the
one with the largest magnetic moment.

Finally, we have checked on the particular case of Y13

the effect of replacing the inter-orbital Coulomb Uλµ and
exchange Jλµ integrals by their average values. If this last
approximation is removed, equations (2, 3) become:

εiλσ = εod + Uλλ

(
〈niλσ̄〉 −

Na

10

)
+
∑
µ6=λ

[
Uλµ

(
〈niµ〉 −

Na

5

)
− Jλµ

(
〈niµσ〉 −

Na

10

)]
, (6)

and

hi,λµ,σ = −Uλµ〈a
†
iµ,σaiλ,σ〉+ Jλµ(〈a†iµ,σaiλ,σ〉

+2〈a†iµ,σ̄aiλ,σ̄〉). (7)

The matrix elements Jλµ are given in Table 1 of refer-
ence [25]. They are expressed as a function of two param-

eters: J
′

= (Jege′g + Jt2gt′2g
)/2 and ∆J

′
= Jege′g − Jt2gt

′
2g

.

The parameter Uλλ is written as Uλλ = U
′

+ 2J
′

which
determines U

′
. Then all the matrix elements Uλµ (λ 6= µ)

are deduced from the formula: Uλλ = Uλµ + 2Jλµ.

According to references [15,25] we have taken ∆J
′

=

0.15J
′

and the values of U
′

and J
′

have been chosen in
such a way that the values of U and J used in our simpli-
fied Hamiltonian are the average values of the inter-orbital
Coulomb and exchange integrals, i.e., U = U

′
+2∆J

′
and

J = J
′
−∆J

′
. Note that U+2J = U

′
+2J

′
, so that the di-

agonal elements Uλλ remain the same in both approaches.
The results for Y13 are given in Figure 8. The sim-

ilarities with Figure 2 are striking. The main difference
concerns the metastable nonmagnetic state which disap-
pears for a smaller value of J . The calculated values of the
interatomic distances and the total energy per atom in the
ground state are nearly unchanged. This fully justifies the
approximation made.

4 Summary and conclusions

We have presented the results of self-consistent calcula-
tions for the electronic and magnetic properties of Y13,
Zr13, Nb13, Mo13, and Tc13 clusters, using realistic tight
binding parameters. They are summarized and compared
with the previous calculations [14] for Ru13, Rh13, and
Pd13 clusters in Table 4. All the considered clusters were
found to be magnetic, with the exception of the Oh Nb13.
On comparing the reported results with the calculations
of Kaiming et al. [12] we conclude that our calculated val-
ues of 〈M〉 follow the same trends as the ab-initio ones.
The largest difference was obtained for the Oh Zr13 and
Tc13 clusters, however in each of these cases one of our
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Fig. 8. Same caption as Figure 2 but the results have been
obtained taking into account the anisotropy of intrasite inter-
orbital Coulomb Uλµ and exchange Jλµ integrals.

metastable solutions was in good agreement with the more
sophisticated calculation.

Our calculated equilibrium distances were found to be
smaller than in the ab-initio results, since the sp-electrons
and sp-d hybridization were not explicitly included in the
present model and have a net repulsive effect at the be-
ginning of the d series [22]. However, it was found that
the average magnetic moments were constant over a large
range of changes in the interatomic distance (10%), a fea-
ture which gives some support to our calculated values
of 〈M〉. Contrary to the average magnetic moment, the
local magnetic moments in the center (M0) and on the
surface (Mi) of the clusters were shown to be sensitive to
the changes of the interatomic distance and of the inter-
action parameters. It is important to emphasize that the
contributions of the sp-electrons to the total magnetic mo-
ments are missing. Typically, the sp-electrons have small
magnetic moments which oppose those of d-electrons, and
the overall magnetization is reduced. Nevertheless, the cal-
culations reported in this work demonstrate that satisfac-
tory results for the magnetic properties of transition metal
clusters can be also obtained with a pure d-band Hubbard
Hamiltonian.

These studies are complementary to the existing ab-
initio calculations, as we have concentrated here rather on
qualitative trends than on accurate description of partic-
ular systems. The main advantage of the considered tight
binding model is its simplicity which allowed us to get
a physical insight into the nature of the magnetic states
of 4d transition metal clusters and reveal the microscopic
reasons of their stability.
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